Remark on "Pair Creation Constrains Superluminal Neutrino Propagation" 
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The concept of group velocity of a particle should be consistent with its Haniilton-Jacobi veloc- 
ity. This point is missed in the work of Cohen, Glashow, "Pair Creation Constrains Superluminal 
Neutrino Propagation" (Phys. Rev. Lett. 107, 181803 (2011)). It then leads to the conclusion of 
existence of Cherenkov-like radiation provided one sees superluminal neutrinos. We show that in 
the framework of Special Relativity with de Sitter space-time symmetry (dS-SR) the above Cohen- 
Glashow argument does not hold and the Cherenkov-like radiation is forbidden. 

PACS numbers: 03.30.-|-p, ll.30.Cp, ll.lO.Ef, 14.60.Lm 



Oh. 
I 

O 

• I— I 

Oh' 



> 

O 

rn 

O 



X 



In []|, the authors show that superluminal neutri- 
nos may lose energy rapidly via the bremsstrahlung of 
electron-positron pairs [y -> v + e~ \- e"*") (i.e., the 
Cherenkov-like radiation in vacuum). Given the claimed 
superluminal velocity and at the stated mean energy in 
the OPERA report , the authors of Ref. [1| find that 
most of the neutrinos would have suffered several pair 
emissions en route, causing the beam to be depleted 
of higher energy neutrinos. "This presents a signifi- 
cant challenge to the superluminal interpretation of the 
OPERA data." [ij. 

However, the conclusion in [l| relies on two ad hoc 
assumptions: 1. the neutrino's group velocity v,y = 
dE^/dpu, and 2. the dispersion relation violating Lorentz 
symmetry for i/ is E^, = •\/(l + 6)cpu (we do not take 
usual convention of c = 1 for clarity). We would like to 
address in this Letter that the conclusion fails to be true 
in general, and hence cannot be regarded as the crite- 
rion determining the superluminary of particles broken 
Lorentz symmetry. The remarks are as follows: 

1 . In the experiment a neutrino is treated as a particle 
with a small mass. The group velocity represents 
the propagating velocity of a particle's energy- 
momentmir. From the mechanics principle, the 
group velocity Vy = x{v) is determined by means 
of the canonical Hamiltonian equations: 
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where H{v) ~ _ff(t, x, tt) = xtj: — L{t,x,x) and 
7r(zy) = dL{t,x,x)/dx are the system's Hamilton 
(or canonical energy) and the canonical momen- 
tum of ly respectively, and hence Vi, = x{i') means 
that the group velocity is the Hamiltonian- Jacobi 
velocity of the system (see Eq. ([T])). 

In order to see the connection more explicitly be- 
tween the group velocity and the Hamiltonian- 
Jacobi velocity mentioned above, let us exam- 
ine it in the framework of Einstein Special Rela- 
tivity (E-SR). E-SR has Poincarc-Lorcntz space- 
time symmetry, and the action is S'e-sr = 
-m^cj ^Jri^ydxt^dx" = J dtLESRii^) with rj^^, = 
diag{-\-, —,—,—}. Hence we have 



L 



E-SR 



(z/) = -m^c \ 1 



(3) 



where v =: x (for simplicity, the component- 
superscript i were omitted). Then the H{i/) and 
7r(i^) read 



vriyV 

TT 1/ = — 

^1 - z;2/c2 



(4) 

(5) 



The point here is that the Le-sr('^) (and Hliy)) 
is time free and coordinate free. Comparing Eqs. 
(|4]) ([5]) with the Noether charges of E-SR's space- 
time symmetry (i.e., the Poincare-Lorentz symme- 
try) py = ruyv-f = ,"'"" , and E^ = ruyc'^j (e.g., 

sec pp581-586 and Part 9 in Ref. [3|), we have 



E„ = H{v), py = TT^V). 



(6) 



The usual group velocity formula v^ = x = 
dH{v)/dTT{v) = dEy/dpi, has been proved for the 



time- and coordinate- independent Hamiltonian sys- 
tem by means of the Hamiltonian- Jacobi formal- 
ism. Obviously, suppose iE-SR(^) (and H[v)) was 
not time free and coordinate free, Eq. ^ would not 
be true and then v^ ^ dE^/dp^. We would like to 
address here that the space-time symmetry of SR 
in general could be de Sitter symmetry, which is 
larger than Poincare-Lorentz symmetry [^-|6[ (i.e., 
(algebra of Poincare group) = (algebra of de Sitter 
group)|fl^oo idl) • As is well known that the sym- 
metries are crucial to construct SR theory. There is 
no a priori reason to assume the space-time symme- 
try is Poicarc-Lorentz or de Sitter. For the de Sit- 
ter case, H{v) is time- and coordinate-dependent, 
while the energy-momenta are conserved due to the 
symmetry of space-time (see below). Therefore, 
careful consideration of v,y is necessary. 

In short, we have shown that the general group ve- 
locity formula is Eq. ([1]): v^ = x ^ dH{v)/dTT{v) 
instead of v^ = dEy/dpi,. The later is only the de- 
generate form of Eq. ([T|). Namely Vy = dE^/dpy 
is true only for the time-free and coordinate-free 
Hamiltonian system. This is a strong condition. 
However this condition is not considered in [l| ^and 
hence the applicability of the conclusion of [l[ is 
limited. Or, that conclusion fails to be true in gen- 
eral. 



2. The model's dispersion relation Ei^ = ^(1 -I- 5)cpi, 
was introduced in [1[ for discussion of particle's su- 



perluminal phenomenons. Besides the relation is 
artificial, the mechanism to yield superluminary via 
V = dEy/dpv is also artificial. 

3. In order to show the meaning of above remarks 
more concretely, let us consider the Special Rel- 
ativity with de Sitter space-time symmetry (dS- 
SR) IJ, l5|- The Hamiltonian formalism of dS- 
SR has been formulated in J6|, which is based on 

Beltrami metric B^y{x) = 7(57+ '^'^^J'^l^yf with 
a{x) = 1 — ■^rj^iyX^x'^ . The action and Lagrangian 
read 



dtL. 



dS-SR 



(i,a;\i*) = —m,^c / dt 



y^B^y{x)dxt'dx'' 



dt 



^dS-SR 



{t,x\x^) = -m^cJ B^y{x)x^''x'' 



(7) 



From the mechanics principle, the 10 conserved 
Nocther charges in dS-SR are as follows: [6| 
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= -myTe\ 
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mi,cTx^ — tp^ 



(8) 



Here i*^, p, L, K are conserved physical energy, mo- 
mentum, angular-momentum and boost charges re- 
spectively, and r is: 



^-""<^>S4*/<«' 



Vij' 



'■a;J)(l + -!^ — ) -I- 2tr]ijx'x3 - r],jX'xH^ + ^ "^ ' 



(9) 



The dispersion relation reads 



E'^ 



m,,c 



pV 






K' 



(10) 



dH{v)/dTT{v) ^ dEy/dp^. Namely, we have ex- 
plicitly shown that when L{v) (and H{v)) is not 
time free and coordinate free, the usual formula 
Vu = dEy/dp^ docs not hold and it cannot be used. 



The canonical momentum tt,- 



9id 



ii^a{x)TBi^x'^ 7^ p*, and the canonical energy 



aid 



-E 



dS-SR 



(or Hamiltonian) H = J2i=i — gp" 
myCa{x)TBof_iX'^ 7^ E (see Eq. @). When the neu- 
trino (v-) kinematics was discussed in the frame- 
work of dS-SR, above consequences lead to the fol- 
lowing equations which are against Eq. ([6|): 



The dS-SR kinematics of neutrinos v in the 
OPERA experiment has been discussed in Ref.[7[. 
Taking the origin of the reference space-time 
frame to be the Big Bang (BB) occurred point, 
the OPERA neutrino's coordinates and time are: 
Ix'/Rl ~ 2 X 10-23 and ct/R ~ 6.7 x lO'^ (where 
i? ~ 2 X 10^'^l.y. has been used Q)- Then we have 



E, ^ H{y), p, ^ Ti{y), 



(11) 



where the super-(or sub-)scripts of p and tt are 
emitted. Therefore neutrino's velocity w^ = i = 



dH{v) ^ 

dTl{v) ~ 


''\ 


1- 
1- 


El ' ^ 





(1 + 2.4X 10-^)0 c. 



(12) 



Therefore from the prediction of dS-SR kinematics, 
the OPERA neutrinos are superluminal. Next, we 
examine whether the process of Cherenkov-hke ra- 
diation in vacumTL u(j)) — >■ uij)') + e~(k') + e+(fc) 
associating with the superluminal neutrinos ^{p) 
takes place or not. To OPERA neutrinos, Eq. ([TU]) 
becomes dispersion relation violating Lorentz sym- 
metry which is as follows 
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(13) 



Substituting Eq. (|13p into the threshold equation 
in Q i {E^ - p^c^)thr. = (2me + m^)^c\ we get 



E, 



thr. 






[(2me 



cH 



rc'(i-^)-<c1 



i?2 



n2 



(14) 



Obviously, there is no real and positive solution 
of E'thr. from Eq. dH]) for i?^ > g . This fact 
indicates that the Cherenkov-like process i'{p) -^ 
vip') + e+(fc) + e~{k') claimed by Ref.[l[ for super- 
luminal ^{p) with v^ > c (see Eq. P^ ) is forbidden 
kinematically. 



4. From Eq.(|T4|). the conclusion that there is no phys- 
ical solution of Ethr. is irrelevant to the magnitude 
of R, or the data of OPERA y . Namely, regardless 
of what is the final results of OPERA experiment 
in the future, Eq. (|T4|) has no real, positive and 
finite solution of i^thr.j and hence the process of 
(j^ — > i^ + e^ + e+) is always forbidden. 

5. According to above, it has been learned that the 
null experiments to observe the energy loss via 
V — > v + e'^ + e~ cannot be used to rule out 
the possibility of existence of superluminal neu- 
trinos. For example, the null results of ICARUS 
[9| experiment cannot lead to consequences with- 
out superluminal neutrinos. Moreover, besides our 
model in [7|, the phenomenological models based 
on other considerations with superluminal neutri- 
nos and without energy-loss via the Cherenkov-like 
radiation claimed by [li ha ve also been constructed 
and proposed, e.g. see flO| [ll[. This indicates also 
that the conclusion of [l| fails to be generic. 

Conclusion: The concept of group velocity of a par- 
ticle should be consistent with its Hamilton- Jacobi ve- 



locity. The usual definition of Vi, — dE^/dpi, is only 
true for the time-free and coordinate-free Hamiltonian 
system. Otherwise, Vi, = dH^/dn^ represents the par- 
ticle's velocity. This point is not considered in Ref.[l|. 
It then leads to the conclusion of ^^superluminal neutri- 
nos may lose energy rapidly via the hremsstrahlung of 
electron-positron pairs (v ^ i^ + e^ + 6^/' claimed in 
[l| is not always valid. When we work with the SR with 
de Sitter space-time symmetry (dS-SR) we have to deal 
with time- and coordinate-dependent Hamiltonian sys- 
tem. It has been proved that when neutrino's Hamilton- 
Jacobi velocity is superluminal in the dS-SR kinematics, 
the process of ^^hremsstrahlung of electron-positron pairs 
(v ^ V -\- e~ -\- e+Z' claimed by [l| is forbidden. 
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